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Abstract 

 

Frequency coupling in the phase domain is a recently reported phenomenon for phase locked loop (PLL) based three-phase 
grid-inverter systems. This paper investigates the mechanism and stabilization method for the frequency coupling to the stability 
of grid-inverter systems. Self and accompanying admittance models are employed to represent the frequency coupling 
characteristics of the inverter, and a small signal equivalent circuit of a grid-inverter system is set up to reveal the mechanism of 
the frequency coupling to the system stability. The analysis reveals that the equivalent inverter admittance is changed due to the 
frequency coupling of the inverter, and the system stability is affected. In the end, retuning the bandwidth of the phase locked 
loop is presented to stabilize the three-phase grid-inverter system. Experimental results are given to verify the analysis and the 
stabilization scheme. 
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I. INTRODUCTION 

For grid-connected inverter distributed generation systems, 
the interaction between the inverter and the grid can produce 
stability problems, especially under weak grid conditions. 
The stability issue between grid-connected inverters and the 
grid has been an important research topic [1]-[5]. The 
impedance-based approach has been widely used for inverter 
stability analysis in either the synchronous reference dq frame 
or the stationary reference frame [6]-[8]. The Nyquist criterion 

and the generalized Nyquist criterion (GNC) have been 
commonly employed to analyze stability based on small 
signal inverter impedance models [8], [9]. 

Impedance analysis has been widely used in dc/dc systems 
[10]. Since no dc operating point is available in three-phase 
ac systems, it is common to transform them from the 
stationary reference frame to the dq frame via a Park 
transformation. This is done to obtain a dc operating point 
like that in a dc/dc system. When compared with a dc/dc 
system, the impedance of a three-phase grid-connected 
inverter is expressed in matrix form in the dq frame [6], [11], 
[12]. Due to the matrix representation of inverter admittance, 
the generalized Nyquist criterion is required for a stability 
analysis of the interaction between an inverter and the grid 
[13], [14]. On the other hand, the harmonic linearization 
method is employed to model the impedance of a three-phase 
inverter in the stationary frame [8]. The impedance model is 
constructed separately for the positive sequence component 
and the negative sequence component. The stability through 
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each sequence model can be analyzed using the Nyquist 
criterion so that the gain margin and phase margin can be 
used for stability evaluation and design [8], [14]. 

Recent studies have shown that frequency coupling exists 
between the positive and negative sequences in the phase 
domain [15]-[17]. Thus, in certain situations, it is possible for 
an actual inverter system to be unstable while the stability 
analysis shows the opposite when the frequency coupling is 
ignored [15]-[17]. The GNC must be used for grid-inverter 
stability analysis since frequency coupling is represented by 
the impedance-admittance matrix [15], [16]. 

In order to accurately analyze the interaction between an 
inverter and the grid, the frequency coupling should be 
carefully considered. A recent study has shown that the 
frequency coupling phenomenon happens between the 
positive and negative sequence. However, the way in which 
frequency coupling affects system stability is still not so clear. 
In addition, a method to stabilize such a system considering 
the frequency coupling is rarely studied due to the new 
indication of frequency coupling. Fully understanding the 
mechanism of the frequency coupling to the system stability 
will be useful for designing the stabilization method. 

This paper will fill this gap by investigating the mechanism 
of the frequency coupling to the stability. Then, it will present 
a stabilization method. This paper is organized as follows. 
Section II illustrates the frequency coupling phenomenon in 
three-phase grid-tied inverters. The application of the self and 
accompanying inverter admittance models to the interaction 
between an inverter and the grid is investigated in Section III. 
A system stability analysis and a stabilization scheme are 
presented in Section IV. Experimental results based on the 
stability analysis and stabilization scheme are shown in 
Section V. Finaly some conclusions are presnted in Section 
VI. 

 

II. FREQUENCY COUPLING IN A THREE-PHASE 

VSC 

In this section, simulation and experimental results are 
presented to illustrate the frequency coupling and its effect on 
stability using a PLL based three-phase converter. The result 
will show that coupling takes place in two situations. First, 
coupling occurs between the positive and positive sequences 
when the positive sequence perturbation frequency is below 
two times the grid frequency. Second, coupling occurs between 
the positive and negative sequences when the perturbation 
frequency is beyond this range. 

A three-phase grid-inverter is shown in Fig. 1. The grid is 
represented by the three-phase voltage sources vga, vgb and vgc 
with the grid impedance Zg. The sensing filters of the grid 
voltage and current are denoted as Gfv and Gfi, respectively. 
The control is performed by a synchronous reference PI 
current controller with a SRF-PLL as depicted in Fig. 2. 

 
Fig. 1. Three-phase grid-inverter system. 

 

 
Fig. 2. SRF-PLL structure. 

 
The main parameters of the power stage and the control are 

listed in Table I. kp and ki are PI parameters in the current 
controller, while kpp and kpi are PI parameters in the PLL. The 
switching cycle is Ts, and the time constant of the grid 

voltage and the current low pass filter is f. In the analysis, 
the converter is supplied by a stiff dc bus which can be 
equivalent to an ideal dc voltage source. 

To investigate the frequency coupling phenomenon, a 
small signal three-phase symmetrical perturbation voltage is 
injected into the grid voltage with Zg = 0. Three different 
voltage perturbations are considered. Case I considers a 
130Hz 11V positive sequence perturbation, Case II considers 
a 30 Hz, 11V negative sequence, and Case III considers a 
30Hz 11V positive sequence. 

Simulation results of the voltage perturbations and current 
responses are summarized in Table II. In Table II, fp and Vp 
denote the perturbation frequency and the phase voltage in 
RMS, respectively. Ip1 denotes the amplitude of the grid 
current at the same frequency as the perturbation frequency, 
and Ip2 is the amplitude of the grid current at a frequency 
other than the perturbation frequency. P is for positive 
sequence and N for negative sequence. 

It can be seen from Table II that a voltage perturbation 
with a frequency of fp produces two response currents at two 

different frequencies, fp1 = fp and fp2  fp. The current 
component at a frequency that is different from the 
perturbation frequency can be in the opposite sequence, as in 
Case I and Case II. It can also be observed from Table II that 
a 30Hz positive sequence voltage generates a 30Hz current 
response and a 70Hz current response. It can also be seen that 
they are both in the positive sequence. In summary, if the 
frequency in the negative sequence can be expressed as a 
negative value, the following relationship can be obtained: 
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TABLE I 
SYSTEM SYMBOLS AND VALUES 

Symbol Value Symbol Value Symbol Value 
vg (rms) 110V kp 3.54 kpp 8.58 

i 6A ki 1411 kpi 5706 

L 1.5mH RL 0.15 f0 50Hz 

Vdc 400V Ts 10-4s f 0.136ms 

 
TABLE II 

SIMULATION RESULTS OF THE FREQUENCY COUPLING OF 

INVERTERS 

Variable Case I Case II Case III 

fp 130Hz (P) 30Hz (N) 30Hz (P) 

Vp 11V 11V 11V 

fp1 130Hz (P) 30Hz (N) 30Hz (P) 

Ip1 1.23A 1.14A 0.45A 

fp2 30Hz (N) 130Hz (P) 70Hz (P) 

Ip2 1.82A 1.91A 0.58A 

 

 
Fig. 3. Three-phase grid voltage and current in Case III. 
 

 

 
Fig. 4. FFT analysis of grid currents ia,b,c in Case III. Top panel: 
Amplitude. Bottom panel: Phase angle. 

 
Fig. 5. One-phase equivalent grid. 
 

 
Fig. 6. Nyquist plots of YSA(p)Zg(p) when ignoring the frequency 
coupling. 
 =                     (1) = 2 − .           (2) 

 
Simulation results of Case III are shown in Fig. 3. Results 

of a FFT analysis of the grid currents ia,b,c are illustrated in 
Fig. 4. It can be seen from Fig. 4 that the grid current contains 
30Hz and 70Hz harmonic components, and that both are in 
the positive sequence. 

This phenomenon can be viewed as the frequency coupling 
characteristic of a PLL based inverter [15], [16], [18]. 
Ignoring the fp2 component can result in an inaccurate 
stability assessment. 

Consider the grid-inverter system with the one-phase 
equivalent grid depicted in Fig. 5. An RC filter is added to 
filter out the switching frequency voltage ripples at the PCC. 
Then the grid impedance can be expressed as: 

 ( ) = .           (3) 

It will be demonstrated that when the  component, 

called the accompanying component, is ignored, the Nyquist 
stability analysis and the actual response may have conflicting 
stability results. In this experiment test, the grid impedance is 
Lg = 3.5mH.  
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Fig. 7. Waveforms of the PCC voltage and three phase grid 
currents. 

 
Fig. 6 shows a Nyquist plot of YSA(p)Zg(p), where YSA(p) 

is the self-admittance of the inverter, which will be 

introduced in the next section. Since the point (1, 0) is not 
encircled, the Nyquist stability criterion implies that the 
system is stable. However, the experimental results shown in 
Fig. 7 indicate that the system is unstable since the PCC 
voltages and grid currents exhibit a high degree of low 
frequency distortion. 

 

III. MECHANISM OF FREQUENCY COUPLING TO 
SYSTEM STABILITY 

A. System Modeling 

Let vq in a PLL be expressed by a pair of conjugate 
complex variables: = ∗.             (4) 

When the small signal voltage ,  at the angle frequency 

p is injected into the PCC, the small signal model of the 
PLL can be expressed by: ∆ ( ) = −0.5 − , + 0.5 − ,∗ ,       (5) 

where ( ) = ( )( ) is the transfer function of the 

PLL, and H ( ) = +  is the PLL controller 

transfer function. , =  is the phasor of the grid 

voltage with the amplitude Vp and phase p at the perturbation 

frequency p, denoting the small signal perturbation in either 
the positive or the negative sequence. In addition, ,∗ =

 is its conjugate. 

According to (5), a Park transformation with this phase 

information generates one response at the frequency p  0 

and another response at 0  p in the dq frame. After the 
inverse Park transformation, these two responses are moved 

to the frequencies p and 20  p. That is, one voltage  

  
Fig. 8. Small signal representation of an inverter-grid system. 

 

perturbation ,  in the grid voltage excites two current 

responses, ,  at p and ,  at 20  p. 

If 0 < p < 20, then 20  p > 0, and the frequency 
coupling exhibits as a coupling between the positive sequence 

and positive sequence. If p > 20, then 20  p < 0, and the 
frequency coupling exhibits as a coupling between the 

positive sequence and negative sequence. If p < 0, then 20 

 p > 0, and the frequency coupling exhibits as a coupling 
between the negative sequence and positive sequence. 

Let the self-admittance YSA denote the admittance of the 

inverter from the input voltage with a frequency of p to the 

output current at a frequency of p. In addition, the 
accompanying admittance YAA denoted the admittance from 

the input voltage with a frequency of p to the output current 

at a frequency of 20  p. In other words, the 

self-admittance generates current at a frequency of p and the 
accompanying admittance generates current at a frequency of 

20  p in the stationary reference frame. The frequency 
coupling characteristics of the inverter can be modelled by 
the self and accompanying admittance [18], and YSA and YAA 
can be expressed as: = . 	 (6) 

and: 	= 

		 . . (7) 

In Equs. (6) and (7),  denotes the constant dc bus 
voltage, Vcr is the amplitude of the modulator, Gc is the 
current PI controller, Idqr is the current reference, Ddq is the 
steady state duty ratio, and Gd is the delay effect. 

In the following, work will be continued on the inverter 
self and accompanying admittance [18] to demonstrate how 
to use the self and accompanying admittance models to reveal 
the mechanism of the frequency coupling to the system 
stability. 

A small signal representation of a grid-inverter system is 
depicted in Fig. 8, where the equivalent inverter current 
source is ignored. 
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B. Mechanism of Frequency Coupling to System Stability 

A perturbation of the grid voltage ,  at a frequency of 

p generates a grid current ip containing two components, one 

at a frequency of p and another at a frequency of 20  p, ( ) = , ( ) + , ( ).           (8) 

Thus, the voltage vPCC at the PCC also contains 

components at frequencies of p and 20  p: ( ) = , ( ) + , ( ).       (9) 

Due to the admittance of the inverter, all of the 
components of vPCC generate their own corresponding 
two-frequency currents.  

When a perturbation of the grid voltage ,  is injected 

into a grid-inverter system, the system responses can be 
described by the following phasor equations: 

, = , + 2 − ,∗ , (10) 

, = 2 − , + ,∗ , (11) 

, = , − , ,       (12) 

, = − (2 − ) , .    (13) 

The current generation and grid voltage relationships 
described by (10)-(13) can be summarized by the phasor 
block diagram of Fig. 9. As can be seen from Fig. 9, (11) and 
(13) are represented by their conjugate pairs: 

,∗ = ∗ (2 − ) ,∗ + ∗ ( ) ,   (14) 

,∗ = − ∗(2 − ) ,∗      (15) 

It follows from Equs. (10)-(15) that the phasors of the grid 
currents can be expressed as: 

, = ∗ ∗∗ ∗	 ,   (16) 

  ,∗ = ∗ ( )∗ ( ) ∗ ( )	 , .     (17) 

It can be seen from (16) and (17) that a grid-inverter system 
can be viewed as a closed loop system with the common loop 
gain: ( ) = 	 ( ) ( ) ∗ ( ) ∗( )∗ ( ) ∗( ) . (18) 

Then, the system stability can be analyzed through the 

common loop gain Tlg(p) with the Nyquist stability criterion. 
It can be seen that if frequency coupling does not exist, that is 

the accompanying admittance YAA(p) = 0, then the loop gain 
is reduced to: 

, ( ) = ( ) ( ).          (19) 

According to the common loop gain (18) and (19), it is 
shown that when considering frequency coupling, the 
equivalent inverter admittance Yinv(p) is changed from 
YSA(p) to: 

 
Fig. 9. Phasor block diagram of the current generation and grid 
voltage. 

 = ( ) − ( ) ∗ ( ) ∗ ( )∗ ( ) ∗ ( ) .  (20) 

A close investigation of (20) indicates that the incremental 

inverter admittance ∆  contributed by the frequency 

coupling is: ∆ = ( ) ∗ ( ) ∗ ( )∗ ( ) ∗ ( )      (21) 

The incremental inverter admittance is the reason why 
frequency coupling affects system stability. The mechanism 
for the generation of this incremental inverter admittance is 
that when a perturbation voltage at a frequency of  is 

injected into the grid voltage, grid current at frequencies of 
 and 2 −  are generated. Then, the PCC voltage 

contains voltage at a frequency of 2 −  due to the grid 

impedance. Then, the PCC voltage at a frequency of 2 −  further generates its current component at a 

frequency of 	 . Therefore, the inverter admittance is 

changed due to the grid impedance and frequency coupling of 
the inverter. 

 

IV. SYSTEM ANALYSIS AND STABILIZATION 

A. System Analysis 

The experimental case shown in Fig. 7 in section II is 
reanalyzed here while considering the frequency coupling. 
The Bode plots of inverter admittance are illustrated in Fig. 

10. They do not consider the frequency coupling , 

incremental inverter admittance ∆  or equivalent 

admittance  . 

As shown in Fig. 10, the incremental inverter admittance ∆  mainly affects the inverter equivalent admittance 

 at frequencies around 200Hz both in amplitude and 

phase. In particular, the phase of  is over 90 at 

around 200Hz. If the grid impedance  and inverter 

equivalent impedance = 1/  intersect in 

this frequency range, the grid-inverter system is unstable. 
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Fig. 10. Inverter admittance effects due to frequency coupling, 

, ∆  and . 

 

 
Fig. 11. Bode plots of 1/ , 	1/  and  
when Lg = 3.5 mH. 

 
Bode plots of 1/ , 1/  and  are 

shown in Fig. 11. This figure shows that if the frequency 

coupling is ignored, 1/  and  intersect at a 

frequency of 193Hz and the phase margin is 180 -90 -62 
=28. This implies that the system is stable. However, when 

frequency coupling is considered, 1/  and  

intersect at a frequency of 205Hz and the phase margin of the 

grid-inverter system is 180 -90- 92 = -2. This indicates 
that the system is unstable. This analysis result meets with the 
experimental measurements shown in Fig. 7. 

 
Fig. 12. Bode plots when Lg = 3mH. 
 

The case where Lg = 3mH is also analyzed in Fig. 12. As 
shown in this figure, when the grid impedance changes to 
3mH, the frequency coupling still mainly affects the inverter 

equivalent impedance 1/  at frequencies around 

200Hz both in the amplitude and phase. With such affection, 

even the phase margin is decreased from 33 to 6, and the 
system is still stable. 

B. Stabilization Design 

The analysis in the previous subsection verifies the 
mechanism analysis of how frequency coupling affects 
grid-inverter system stability. In the design of a control 
method to stabilize grid-inverter systems, the frequency 
coupling should be considered. This section presents a 
stabilization method based on the equivalent inverter 
admittance through retuning the bandwidth of the PLL. 

It can be found from (21) and (7) that the inverter 

incremental admittance ∆  is proportional to the 

transfer function of the PLL ( ), that is: ∆ ∝ ( )              (22) 

Since ( ) has the low pass filter property, if the 
bandwidth fBWPLL of the PLL is reduced, the effect of the 

frequency coupling on ∆  moves to the low frequency 

range. This is helpful for stability improvement. At the same 

time, the phase at the intersection point of 1/  and 

 increases, which enhances the phase margin of the 

grid-inverter system. 
With the PLL parameters shown in Table II, the 

corresponded bandwidth is fBWPLL = 234Hz. If fBWPLL is 
reduced to 156Hz and 78Hz, the corresponding Bode plots of 1/  and  are shown in Fig. 13. 
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Fig. 13. Bode plots under different PLL bandwidths. 

 
As shown in Fig. 13, with the decreasing of the PLL 

bandwidth from 234Hz to 156Hz and 78 Hz, the intersection 

point of 1/  and  moves from 205Hz to 

180Hz and 158Hz, respectively. In addition, the phase margin 

increases from -2 to 16 and 36, respectively. This shows 
that the system stability can be stabilized through decreasing 
the PLL bandwidth. The lower the PLL bandwidth is, the 
higher the phase margin becomes. 

It is useful to determine the affordable highest PLL 
bandwidth to stabilize the system under specific grid 
impedance conditions. The PLL loop gain is ( ) =V ( ) = ( + ) , and the bandwidth can be 

solved by	| (2 )| = 0dB. The bandwidth fBWPLL of the 
PLL is determined as: 

= √           (23) 

According to (23), the bandwidth of the PLL can be tuned 
to k times its original value through the following 
relationship: =                 (24) =                 (25) 

When k < 1, the PLL bandwidth decreases. If k is reduced 

to the value kmax which lets the loop gain  pass 

through the (-1, 0) point in the Nyquist plane, then kmax is the 
maximum value of k, which can be determined with: =	−1               (26) 

Where, H = + . Solving  

 
Fig. 14. Bode plots with different PLL bandwidths under Lg = 
4mH. 

 
(26), it is possible to obtain kmax. Through the numerical 
solution of (26) with the inverter parameters and grid 
impedance information shown in Tab. I, the following can be 
solved: 

 = 0.92                 (27) 

If the PLL bandwidth is set to be lower than 234 = 215Hz, the system is stabilized. This result justifies 
the Bode plots in Fig. 13, which show that the grid-inverter 
system is stable when the PLL bandwidth is 156Hz and 78Hz. 
In these two cases, the corresponded k is 2/3 and 1/3, 
respectively. 

As another example, when the grid inductor Lg = 4mH, 
through the numerical solution of (26) with the inverter 
parameters and grid impedance information, the following 
can be solved: = 0.82                (28) 

The corresponding maximum PLL bandwidth is 234 = 192Hz, then the system is stabilized. k is 
selected as 2/3 here to coincide with the above case. In 
addition, Bode plots with different PLL bandwidths are 
shown in Fig. 14 under Lg = 4mH. The intersection point of 1/  and  moves from 197Hz to 180Hz 

respectively. In addition, the phase margin increases from 

-12 to 9.6. This shows that the system stability can be 
stabilized through the stabilization method. Retuning the PLL 
parameters to stabilize a single-phase grid-tied inverter is 
presented in [19]. From the above investigation, this is also 
effective for three-phase inverters considering frequency 
coupling. 
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Fig. 15. Waveforms of the PCC voltage and three phase grid 
currents, when Lg = 3mH. 
 

 
Fig. 16. Waveforms of the PCC voltage and three phase grid 
currents, when Lg = 4mH. 
 

V. EXPERIMENTAL RESULTS 

A 5kW prototype three-phase grid-inverter system was built 
to verify the stability analysis results and the stabilization 
scheme. The inverter and grid impedance parameters are the 
same as those in Table I. 

A. Stability Analysis Verification 

In the analysis in Fig. 12 in Section IV, it is shown that 
when the grid impedance Lg = 3mH, the grid-inverter system 
is stable. Experimental results of the PCC voltage and grid 
currents are shown in Fig. 15. It is observed from this figure 
that the PCC phase voltage and grid currents exhibit no 
noticeable distortion. As such, the system is stable. On the 
other hand, it has been shown in the previous section that 
when Lg = 3.5mH, the stability analysis considering the 
frequency coupling implies an unstable grid-inverter system. 

Experimental results have been shown in Fig. 7. When Lg = 
4mH, both the stability analysis in Fig. 14 and the 
experimental results in Fig. 16 express that the system is 
unstable. The test results demonstrate the correctness of the 
stability analysis. 

B. Stabilization Scheme Verification 

When the grid impedance Lg = 3.5mH and 4mH, the 
system is unstable, and the stabilization method discussed in  

 
Fig. 17. Waveforms of the PCC voltage and three phase grid 
currents, when Lg = 3.5mH and k = 2/3. 
 

 
Fig. 18. Waveforms of the PCC voltage and three phase grid 
currents, when Lg = 4mH and k = 2/3. 

 
the previous section shows that when the PLL bandwidth is 
reduced to be lower than 215Hz under Lg = 3.5mH and 
192Hz under Lg = 4mH, the system becomes stable. In the 
experiment, the PLL bandwidth is returned to 156Hz, that is k 
= 2/3, and the corresponded PLL PI parameters are  = 

5.72 and  = 2,536. Fig. 17 and Fig.18 shows the PCC 

voltage and three phase grid current waveforms using the 
stabilization scheme under different grid impedances. It can 
be see that the system response becomes stable since the PCC 
voltage and current do not exhibit noticeable distortions. 
Therefore, a proper k can improve the system stability. 

 

VI. CONCLUSIONS 

This paper analysed the mechanism of the frequency 
coupling to the grid-inverter system stability and presented a 
stabilization method considering the frequency coupling. 

1) It demonstrated that the frequency coupling in a 
grid-inverter system occurs between the positive and 
negative sequences, and between the positive and 
positive sequences.  

2) The mechanism of the frequency coupling to the 
grid-inverter system stability is that an incremental 
inverter admittance is generated due to the frequency 
coupling. Then, the equivalent inverter admittance is 
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changed, which may affect the stability evaluation 
result if the frequency coupling is ignored. In 
addition, the analysis method presented in this paper 
shows that system stability can be analysed through 
Bode plots and the Nyquist criteria, and that it does 
not necessary to need GNC. This is very helpful for 
control design since traditional margin information 
cannot be obtained with GNC [18].   

3) Based on equivalent inverter admittance considering 
frequency coupling, a stabilization scheme through 
retuning the PLL bandwidth is presented.  

4) Experimental results verified the stability analysis 
and the stabilization scheme. 
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