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Abstract  
 

The three-phase four-leg voltage-source inverter topology is an interesting option for the three-phase four-wire system. With an 
additional leg, this topology can achieve superior performance under unbalanced and nonlinear load conditions. However, because 
of the low bandwidth of conventional controllers in high-power inverter applications, the system cannot guarantee a balanced output 
voltage under the unbalanced load condition. Most of the methods proposed to solve this problem mainly use the multiple 
synchronous frame method, which requires several controllers and a large amount of computation because of frame transformation. 
This study proposes a simple hybrid controller that combines proportional–integral (PI) and resonant controllers in the synchronous 
frame synchronized with the positive-sequence component of the output voltage of the three-phase four-leg inverter. The design 
procedure for the controller and the theoretical analysis are presented. The performance of the proposed method is verified by the 
experimental results and compared with that of the conventional PI controller. 
 
Key words: Hybrid controller, Resonant controller, Three-phase four-leg voltage-source inverter, Unbalanced load condition 
 

I. INTRODUCTION 

In three-phase distributed power generation systems, the 
inverter is often connected to the load, which requires four 
wires, including a neutral one. In this case, the power system 
can provide the neutral wire in two ways: via a conventional 
three-phase inverter with a Δ-Y connected isolation 
transformer or a three-phase four-wire inverter. However, 
considering that the conventional three-phase inverter with an 
isolation transformer exhibits many disadvantages, such as 
bulkiness, large weight, and high cost, three-phase four-wire 
transformerless topologies are preferred [1]-[5]. Three-phase 
four-wire inverters can be divided into three-leg inverters with 
a split DC link and four-leg inverters [6]-[11]. The split 
DC-link capacitor topology requires only six power switches 
because the neutral current path is provided by the midpoint of 
the DC link. However, this topology possesses high DC-link 

voltage and large DC-link capacitance. In the three-phase 
four-leg topology (shown in Fig. 1), the neutral wire is 
provided by the additional fourth leg. This topology exhibits 
important advantages, such as compactness, fast response, 
small DC-link capacitance, and a higher modulation index than 
its split DC link counterpart [11].  

Several strategies have been developed to control 
three-phase four-leg inverters [12]-[21]. One of the popular 
methods is the proportional–integral (PI) controller employed 
to regulate the fundamental component of output voltage [12], 
[14]-[16]. The PI controller can be easily implemented either in 
the rotating [12], [15], [16] or stationary [13], [14] frame. 
Given that the PI controller has a large gain at DC mode, it 
demonstrates good performance under balanced load 
conditions. With regard to inverters for high-power 
applications, the pulse-width modulation (PWM) frequency is 
limited to several kHz to reduce switching losses, and a 
low-pass filter is adopted for the output of these inverters. The 
resonant frequency of the output filter is typically lower than 
several hundred Hertz because the resonant frequency of the 
output filter should be between the fundamental output and 
switching frequencies. Under light loads, the double pole of the 
LC output filter introduces a large resonant peak and a steep  
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Fig. 1. Three-phase four-leg inverter topology. 

 
phase change. Consequently, the bandwidth of the inverter is 
limited to a value lower than the resonant frequency of the 
output filter to guarantee system stability. With such a low 
bandwidth, the PI controller exhibits a poor transient response 
and poor regulation performance when AC quantities occur as 
a result of the unbalanced current. To improve transient 
performance, complex controllers, such as the linear quadratic 
regulator [12] or the pole placement method, must be used [17]. 
Although both methods are complex, none of them can 
effectively solve the unbalanced load problem. In [18], a 
predictive controller was used to directly select the most 
suitable switching vector with the minimum cost function. 
However, the method involves a large amount of computation 
and is incompatible with the space vector modulation 
technique. 

Various solutions based on symmetrical components have 
been proposed to address the unbalanced load problem 
[19]-[25]. In these methods, the unbalanced voltage is 
decomposed into a set of symmetrical components, namely, 
positive-sequence, negative-sequence, and zero-sequence 
components. Hence, the unbalanced voltage can be 
compensated by the control of each symmetrical voltage set. 
By applying appropriate rotating coordinate transformation to 
the symmetric components, the conventional PI controller can 
be utilized to generate balanced output waveforms under 
unbalanced load conditions. However, this procedure requires a 
large amount of computation because of the complexity of 
calculating the symmetric components, coordinate 
transformation, and controllers [19], [20], [22], [24]. In [19], a 
zero-damping band-pass filter was employed in the 0 channel 
to reduce the number of rotating frames. However, coordinate 
transformation can only be eliminated in the 0 channel. In [20], 
a negative-sequence voltage compensator (NVC) and a 
harmonic voltage compensator (HVC) were applied; as a result, 
the controller in NVC was able to operate with pure DC control 
variables, and leading angle information was not required in 
HVC. Zero-sequence voltage distortion can be compensated by 
an output transformer with delta-wye winding. However, given 
the low-frequency transformer in the topology, this approach is 
used only for several specific applications. In [23], sequence 
decomposition of voltage and current was implemented 
digitally through phasor representation. The proposed digital 
control scheme was used to obtain DC signals for all 

symmetrical components. However, the overall control scheme 
is complex. 

In the current study, a novel hybrid controller composed of 
PI and resonant controllers in the synchronous frame was 
developed for the three-phase four-leg inverter to provide 
balanced three-phase voltages under unbalanced loads. The 
proposed hybrid controller has a unique characteristic: it 
has an infinity gain at both DC and desired frequencies. It 
can be used for multiple harmonics control, as shown in 
previous studies [25], [26]. When the three-phase four-leg 
inverter bears unbalanced load, negative- and zero-sequence 
voltages appear as AC noises in the rotating frame 
synchronized with a positive-sequence component. Hence, the 
inverter can generate a balanced three-phase output voltage 
by selecting a suitable resonant frequency for the resonant 
controller to mitigate the noises. The proposed method is 
simple and effective because it requires low-bandwidth 
controllers, a small number of controllers, and a small amount 
of computation. 

 

II. PROPOSED HYBRID CONTROLLER FOR THE 
THREE-PHASE FOUR-LEG INVERTER 

The structure of the proposed hybrid controller (PI–
resonant or PI-R) is shown in Fig. 2. The controller is 
implemented by combining PI and resonant controllers in the 
rotating frame synchronized with a positive-sequence 
component of output voltage. For simplicity, the rotating 
frame synchronized with a positive-sequence component is 
referred to merely as “rotating frame” in the rest of the paper. 
The PI controller has a high gain at DC mode, which 
guarantees a zero steady-state error of output voltage. The 
resonant controller is designed to provide a high gain at 
desired frequencies to suppress the unwanted noises caused 
by the unbalanced load. 

The transfer function of the proposed controller is 
expressed as 

Cሺsሻ ൌ ௣ܭ ൅
௄಺
௦
൅

௄ೃ௦

௦మାఠబ
మ.              (1) 

The hybrid controller exhibits the combined characteristics 
of PI and resonant controllers because it has one real zero and 
two complex zeroes in its transfer function. These complex 
zeroes introduce a notch below resonant frequency ω0.  

A control block diagram of the proposed hybrid controller 
is shown in Fig. 3. The control of the proposed hybrid 
controller is similar to the conventional feedback control of 
the inverter. The output voltages are measured and 
transformed into rotating frame dq0. In the dq0 coordinate, 
three hybrid controllers are used to regulate the output 
voltage independently in each channel (d, q, and 0). To obtain 
the sinusoidal output voltage, the negative- and 
zero-sequence components need to be set to zero. The 
balanced component in the output voltage is regulated by the  
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Fig. 2. Proposed hybrid controller. 
 

 
Fig. 3. Control block diagram of the proposed controller for the 
three-phase four-leg inverter. 
 

TABLE I 
COMPARISON OF THE PROPOSED CONTROLLER WITH OTHER 

CONTROLLERS 

 
In [19] In [20] In [23] 

Proposed 
controller

Number of voltage 
controllers 

5 3 9 3 

Sequence 
decomposition 
/composition 

No Yes Yes No 

Number of 
rotating-frame 
transformation 

4 4 6 2 

 
PI controller, and the unbalanced component is controlled by 
the resonant controller. The outputs of the controllers are 

inversely transformed into the α coordinate, and the gate 
signals for the power switches are generated by applying 3D 
space vector modulation (3D SVM). The proposed controller 
requires fewer controllers and less computation than those 
proposed in [19], [20], and [23]. The advantages of the 

proposed controller become evident when it is compared with 
other previous methods (Table I). 
 

III.  DESIGN OF THE PROPOSED HYBRID 
CONTROLLER FOR THE THREE-PHASE FOUR-LEG 

INVERTER WITH UNBALANCE LOAD 

The average model of the three-phase four-leg inverter and 
an analysis of the unbalanced load current in the rotating 
frame are presented in this section. The design challenge is 
the use of the conventional method to design the controller 

under an unbalanced load condition. The design procedure of 
the proposed hybrid controller is also presented in this 
section. 

A. Average Model of the Three-phase Four-leg Inverter 

Given the nonlinearity of the switch network model, its 
average model is used to design the controller with 
effectiveness and ease. By defining duty ratio dk (k = A, B, C, 
N), which represents the average time of a leg during a 
switching period, the output voltage and the DC-link current 
can be expressed by linear equations (2) and (3), respectively 
[11]. 

ሾ ஺ܸே ஻ܸே ஼ܸேሿ் ൌ ሾ݀஺ே ݀஻ே ݀஼ேሿ். ஽ܸ஼ ,   (2) 

݅஽஼ ൌ ሾ݀஺ே ݀஻ே ݀஼ேሿሾ݅௔ ݅௕ ݅௖ሿ்,      (3) 

where ሾ ஺ܸே ஻ܸே ஼ܸேሿ is the output phase voltage vector, 
ሾ݀஺ே ݀஻ே ݀஼ேሿ is the line-to-neutral duty ratio vector, 
ሾ݅௔ ݅௕ ݅௖ሿ is the output current vector, and VDC and iDC are 
the DC-link voltage and current, respectively. 

To attenuate the high-order harmonics caused by PWM, 
the second-order LC filter is typically used for inverters 
operating in the standalone mode. The average model of the 
three-phase four-leg inverter, including the output LC filter, 
is shown in Fig. 4. Its state-space model is expressed in 
Equations (4), (5), and (6). 
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௔ܫ ൅ ௕ܫ ൅ ௖ܫ ൌ  ௡,               (6)ܫ
where ILa, ILb, and ILc are the load currents of phases A, B, and 
C, respectively. 

Equations (4) to (6) show that the three-phase four-leg 
inverter is a sixth-order system with AC variables. 

By applying Park’s transformation in Equation (7) to 
Equations (4) to (6), the state variable of the current 
ሾiୢ i୯ i଴ሿ and that of the voltage ሾVௗ V௤ V௢ሿ in dq0 
coordinates can be represented by Equations (8) and (9), 
respectively. 
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Fig. 4. Average model of the three-phase four-leg inverter. 
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By rearranging Equations (8) and (9), the state-space 
model of the three-phase four-leg inverter in the rotating 
frame is provided by Equations (10) and (11). Equation (10) 
shows that the 0 channel is independent of the other channels. 
However, cross-coupling terms exist between d and q 
channels. Thus, the system in the rotating frame can be 
decomposed into a fourth-order multi-input multi-output 
model for d and q channels and into a conventional 
second-order model for the 0 channel. 
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Given that the coupling terms on the d and q channels can 
be eliminated with the feed-forward technique [7], the state 
model for the d channel can be expressed as  
ௗ
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Hence, the control-to-output transfer function on the d 
channel is  

ሻݏௗሺܩ ൌ
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ௗ೏
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௅஼௦మା൬
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ೃಽ೚ೌ೏
൰௦ାଵ

           (13)   

The system model on the q channel is similar to that on the 
d channel. Meanwhile, the control-to-output voltage transfer 
function on the 0 channel is different and has a lower 
resonant frequency, as shown in Equation (14). 

ሻݏ௢ሺܩ ൌ
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ௗ೚
ൌ
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ೃಽ೚ೌ೏

൰௦ାଵ
         (14) 

Typically, the second-order LC output filter of the inverter 
is designed to have −40 dB/dec attenuation at high  

TABLE II 
SPECIFICATIONS OF THE INVERTER 

Parameter Symbol Value 
Rated power Po 3 kW 

Output line–line voltage Vo_ll 220 V 
Output frequency fo 60 Hz 
DC-link voltage VDC 400 V 
PWM frequency fPWM 10 KHz

Output inductor of phases A, B, C L 2.5 mH
Output inductor of neutral phase Ln 1.2 mH

Output capacitor C 10 µF 

 
frequencies, and its resonant frequency is set between the 
switching and fundamental frequencies of output voltage by 
Equation (15). 

߱௥௘௦ ൌ
ଵ

√௅஼
 (15)  

In this study, the resonant frequency of the output filter 
was set to 1 kHz. The design parameters of the inverter are 
shown in Table II. 

The Bode plots for the d and 0 channels of the inverter are 
shown in Figs. 5 and 6, respectively. Figs. 5 and 6 indicate 
that the control-to-output transfer functions on the d and 0 
channels show the characteristics of a damped second-order 
system with full load. However, the resonant peak and phase 
reversal occur at the resonant frequency when the load is light. 
This phenomenon becomes severe when the digital controller 
is used because the phase lag caused by the controller is 
added to the system; this can cause system instability. 

B. Analysis of Unbalanced Load Current in the Rotating 
Frame 

Under the unbalanced load condition, the load voltage can 
be decomposed into symmetric components, as shown in 
Equation (16). 

  ൥
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where the positive-, negative-, and zero-sequence currents are 
expressed by Equations (17), (18), and (19), respectively. 
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where ILpp, ILnp, and ILop are peak values and φp, φn, and φo are 
phase angles. 

By applying Park’s transformation in Equation (7) to 
Equations (17), (18), and (19), the symmetric components of 
the load current in the synchronous frame can be expressed 
by Equations (20) to (22). 
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Fig. 5. Bode plots of the d channel under light load (solid line) 
and full load (dashed line). 
 

 

Fig. 6. Bode plot of the 0 channel under light load (solid line) 
and full load (dashed line).  
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Equations (20) to (22) indicate that in the unbalanced load 
condition, negative- and zero-sequence currents appear as 
harmonics with 2 ω frequency on the d and q channels and 
with ω frequency on the 0 channel, respectively. 

C. Challenges in Designing the Controller for the 
Three-phase Four-leg Inverter under Unbalanced 
Load Condition 

Given that the transfer functions of the three-phase four-leg 
inverter in the rotating frame are second-order systems as 
shown in Equations (13) and (14), a simple linear controller 
should be used to regulate the output voltage. However, the 
main challenge in the design is the resonant peak of the 

second-order system under light load. To guarantee system 
stability, the bandwidth is extended beyond the resonant 
frequency or reduced to much lower than the resonant 
frequency. The former is difficult for high-power applications 
because of the low switching frequency. The parameters in 
Table II show that the poles/zero frequencies of the controller 
needs to be limited to 5 kHz because the switching frequency 
is 10 kHz [27]. In the typical design of the controller, the pole 
and zero are placed to attenuate the high-frequency 
components and increase the phase margin. However, the 
effects of the pole and zero cancel each other because they 
cannot be located far enough from each other in this case [28]. 
Meanwhile, the latter can be implemented by using the PI 
controller. Fig. 7 shows the design of the PI controller for the 
d channel in the frequency domain. To consider the phase 
delay caused by the digital control, a time delay is added to 
the transfer functions of d, q, and 0 channels [29]. With the 
addition of this time delay, the phase change of the system at 
the resonant peak becomes severe. At the resonant peak, the 
phase curve crosses −180°, and the system has a minimum 
gain margin. Given that the phenomenon is the worst at light 
load, the controller needs to be designed by considering the 
stability criterion in this condition. Thus, in the asymptote 
design method, the open-loop system gain at the resonant 
peak should be the sum of the resonant peak and the gain 
margin. The crossover frequency of the open-loop system at 
several ten Hertz can be determined by assuming a −20 
dB/dec slope. As mentioned in the previous section, the 
negative-sequence component appears at 120 Hz. Thus, the 
PI controller is unable to compensate for this noise generated 
by the unbalanced load. To guarantee a balanced output 
voltage under the unbalanced load condition, another 
controller needs to be added to compensate for the 
low-frequency component. The design of the hybrid 
controller is discussed in the following section. 

 

D. Design of the Hybrid Controller for the Three-phase 
Four-leg Inverter under Unbalanced Load  

First, the PI controller for each channel was designed in the 
frequency domain to achieve the desired stability margin by 
using a conventional design procedure. The parameters of the 
PI controller for each channel are shown in Table 3. To 
guarantee the stability of the system under light load, the gain 
margin was set to 14.2 dB. The bandwidth of the d and q 
channels was 13.4 Hz and that of the 0 channel was 10 Hz. 
Hence, the phase margin of each channel was at 
approximately 90°, which is sufficient for system stability. 
The pole–zero map of the d channel and the PI controller is 
shown in Fig. 8.  

Second, the resonant controller was designed. The resonant 
frequency of the controller, ωo, was set to the same frequency 
of the negative sequence on d and q channels and of the zero 
sequence on the 0 channel. The Bode plots of the hybrid 
controller with different values of resonant gain are shown in  
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Fig. 7. Design of the PI controller for the d channel. 
 

 

Fig. 8. Pole–zero map of the d channel and PI controller. 
 

TABLE III 
PARAMETERS OF THE PI CONTROLLER FOR EACH CHANNEL 

 Ki Kp 
Gain 

margin 
(dB) 

Phase 
margin 

(degree) 

Crossover 
frequency

(Hz) 
d channel 0.21 3.78  10−5 14.2 90.3 13.4 

q channel 0.21 3.78  10−5 14.2 90.3 13.4 

0 channel 0.16 4.59  10−5 16 90.6 10 
 

Fig. 9. When the resonant controller is combined with the PI 
controller, a pair of complex zeroes is introduced below the 
resonant frequency and shifts the real zero to the 
high-frequency region. Thus, the gain margin set by the PI 
controller previously is reduced, and a trade-off between the 
bandwidth of the resonant controller and the gain margin of 
the open loop is introduced in the design. 

Fig. 10 shows the Bode plots of the d channel, hybrid 
controller, and loop gain of system. For a digital 
implementation, the controller needs to be discretized. The 
resonant controller has highly selective characteristics and is 
seriously affected by the discretization method [30]. Thus, 
Tustin approximation with frequency pre-warping (23) was 
used to ensure the matching of the continuous and discrete 
time frequencies at the resonant frequency. 

 
Fig. 9. Bode plots of the hybrid controller with different Kr 
values (KP = 3.7810-5, KI = 0.21). 

 

 
Fig. 10. Bode plot of the d channel with the hybrid controller.  
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IV. EXPERIMENTAL RESULTS 

  A 3 kW prototype three-phase four-leg inverter with the 
design parameters shown in Table II was built to verify the 
proposed controller (Fig. 11). The 3D SVM algorithm and the 
proposed hybrid controllers were implemented in DSP 
F28335. To prove the superior performance of the proposed 
hybrid controller, its performance was tested under both 
balanced and unbalanced loads. The results were compared 
with those of the conventional PI controller. As shown in Fig. 
12, under balanced three-phase loads, the output phase 
voltages are balanced, and a small neutral current exists. Fig. 
13 shows the output voltage waveforms under unbalanced 
load conditions. Fig. 13(a) shows the unbalanced output  
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Fig. 11. Experimental setup of a 3 kW three-phase four-leg 
inverter. 
 

 
 

Fig. 12. Output phase voltage waveforms under balanced load 
with the proposed hybrid controller. 
 

 
(a) Output phase voltage waveforms with the conventional PI 

controller. 
 

 
(b) Output phase voltage waveforms with the proposed hybrid 

controller. 

 
(c) Output load current waveforms with the proposed hybrid 

controller. 
 

Fig. 13. Output waveforms of the inverter under unbalanced load 
scenario 1 (10% load on phase A and 100% load on phases B 
and C). 

TABLE IV 
DEGREE OF UNBALANCE OF THE THREE-PHASE OUTPUT VOLTAGE 

IN FIGS. 13 AND 14 

Unbalance 
scenario

Controller
Negative-sequence 

component (%) 
Zero-sequence 
component (%) 

Fig. 13 
PI 2.2 5.8 

PI-R 0.1 0.6 

Fig. 14 
PI 2.2 5.9 

PI-R 0.3 0.5 
 

 
(a) Output phase voltage waveforms with the PI controller. 

(b) Output phase voltage waveforms with the proposed hybrid 
controller. 
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(c) Output load current waveforms with the proposed hybrid 

controller. 
 

Fig. 14. Output waveforms of the inverter under unbalanced load 
scenario 2 (10% load on phases A and C and 100% load on 
phase B).  
 
waveforms of the inverter in the unbalanced load scenario 1 
(10% load on phase A and 100% load on Phases B and C). 
While the three-phase output voltages are not balanced when 
the conventional PI controller is used, they are clearly 
balanced when the proposed hybrid controller is applied (Figs. 
13(b) and 13(c)). 

Another unbalanced load scenario was tested (Fig. 14). In 
this case, only 10% load was applied to phases A and C, and 
full load was applied to phase B. While the output waveforms 
are not balanced with the PI controller (Fig. 14(a)), they are 
balanced with the proposed hybrid controller (Figs. 14b and 
14(c)).  

The degree of unbalance of the three-phase output voltage 
in Figs. 13 and 14 was measured with a Fluke 435 power 
quality analyzer (Table IV). In both scenarios, the degree of 
unbalance is less than 0.6%, which is lower than that of 
methods with symmetric component decomposition (1.2% in 
[19] and 1.5% in [23]). 

 

V. CONCLUSIONS 

A hybrid PI + R controller was proposed for the 
three-phase four-leg inverter to guarantee a balanced output 
even under unbalanced loads. Using the proposed hybrid 
controller reduces the complexity of the controller and the 
calculation amount. The proposed controller is compatible 
with conventional 3D SVM. The experiment results verify 
that the proposed controller exhibits excellent performance 
under unbalanced load conditions. The system is suitable for 
applications requiring high-quality outputs under unbalanced 
load conditions. 
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