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ABSTRACT

A linear transfer function for the output current control of frequency-controlled resonant inverters is proposed in this
paper. The circuit of resonant inverters can be transformed into two coupled circuits through the complex phasor transform.
The circuits consist of cross-coupled power sources and passive elements. The circuits are used to induce the state space
equation, which is transformed into the 4™ order cross-coupled transfer function. The 4™ order cross-coupled transfer
function is modeled into a 2™ order linear transfer function based on a behavior analysis of the pole and zero locations that
facilitate a simple and intuitive linear transfer function. The feasibility and validity of the proposed linear transfer function

were verified by simulation and experiment.
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1. Introduction

Resonant inverters are usually structured to control the
power by regulating either the input voltage at the AC
terminal or the operating frequency. From the controller's
perspective, the simplest and most stable method would be
changing the operating frequency ™. With the resonant
inverter, the change of the operating frequency may control
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output current amplitude. However, it is not possible to
acquire the transfer function because resonant inverters are
modeled as a cross-coupled form P Therefore, it is a
general practice to select a current controller through
experiments. If the resonant circuit is modeled by means of a
general phasor transform, L and C are modeled as the
reactive element and the complex resistance element. It is
possible to make an equivalent circuit by using the complex
phasor transform with modulated frequency. This equivalent
circuit is very useful to simulate the envelope response
BIAIMEIRINOL 1t js difficult to obtain a transfer function directly
by using a complex variable. Therefore, the bode diagram is
obtained from the simulation result and the transfer function
is determined indirectly 1141231,
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In this paper, we propose the linear transfer function of
the frequency-controlled series resonant inverter based on
the complex phasor transform. Through the complex
phasor transform, a state space equation is acquired. The
behavior of each variable is studied by simulating the state
space equation. The linear frequency-to-output current
transfer function is modeled based on the key observations
of the pole and zero locations that facilitate a simple and
intuitive linear transfer function. The feasibility and
validity of the proposed linear transfer function are
verified by Matlab simulations and experiments of an
actual RLC series resonant circuit.

2. Circuit Description and Operation

Any analog modulated signal (AM, FM, or PM) can be
described by the following general expression:

V, (t) =V, (t) cos(@,t) +V, (t)sin(ew,t) 1)

Where v, (t) and V,(t) are the modulation signals and
o, is the angular frequency of the carrier. (1) could also

be written as

V, () = Re[(V, () — jV, () exp(jeo )] )
or as
V, (1) = V (t)| Re[exp(arg(V (1)) exp(j,1)] 3)

Where “arg(V(t))” is tan™(-V,(t)/V,(t)). (3) implies
that the modulated signal in the time domain v _(t) can be

represented by a generalized phasor where both its
magnitude and phase are time dependent. The expression
of the complex phasor, V(t) and T1(t) are

V) =V, () - -V, () TR = 1,0+ j-1,() (4)
The magnitudes of V/(t) and I (t)

UCERAGEACE

are equal to the modulation envelope of the original signal.
The complex phasor representation can be used to drive the

ro=JL’O+1,°¢ 6

low frequency equivalent circuits that represent the envelope
behavior of the system without involving the high frequency
carrier. The general formula of the frequency-variable voltage
source is assumed to be of this form.

V. (t) = Acosfot +-L-sin(w, )] (6)
a)m
Where pgand ¢, are the modulation index and

modulation frequency respectively. The generalized
voltage complex phasor is given in (7).

V.(1) = AcosEZ-sin(o, 0]+ jAsin[L-sin(, ] ()
, ,

m m

From (4) and (7), we can obtain real and imaginary
parts of voltage as follows :

V, = Aco{ﬂsin(a)mt)} V, =—Asin {’Bsin( a)mt)} ®)
wm a)m

Since the voltage source and current have been divided
into the real and imaginary parts, the resonance current is
also divided. The proposed methodology is demonstrated
by considering the resonant circuit shown in Fig.1(a)
driven by a modulated voltage.

In order to define the transfer function, the series
resonant inverter is represented by the envelope equivalent
circuit shown in Fig.1(b)!".. The inductor, capacitor, and

Vs(t)

(a) Series resonant circuit. (b) Small signal phasor model.

Fig. 1. A resonant circuit and the equivalent circuit model.

-Ve2.xC

Fig. 2.

An envelope equivalent circuit.
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resistance are equivalently modeled by the phasor
transform. Therefore, the cross-coupled equivalent circuit
that considers the input elementsv, (t) and V,(t), voltage

sources —|,m L and | @ L, current sources —V_ . C
and vV o C as well aa R L C elements may be

defined as in Fig.2.

The state space equation may be induced from the
cross-coupled equivalent circuits as shown in Fig. 2 and
represented in the following (9).

L 7% @ 0 1

Xll 1 0 0 Xy IVl (9)

: — 1)
X, C c ol X2 0

= +
X3 —w 0 _R 1% - lV

- ¢ L L L ?
X, ! X, 5

0 -0 = 0
C

The output current equation is defined in the following (10)

Xy

LY (1 0 0 0)x, (10)
1,) 0 0 1 0)x

Xy

where the state variable X, is defined as 1,, X, as v,

X; as 1, and X, as V.

3. Linear Transfer Function Induction

(9) and (10) can be converted to the transfer function.
I,(s) and 1,(s) could be written as (11) and (12). (11) and

(12) can be expressed as the following equations (13) and
(14) in order to observe the variation of the poles and zeros.

2 2

1| 16w, 4L o, 1600, 4L o
W)= by - i6)
S+—) + (o, + S+—) +(w, -
s+ O +0) (5430 +(0,-0)
2 2
BS +8a, +R—2+8wca)0 BS +8a, +R—z—8wca)0
b L _L K v, (s)
16m,L R\ 2 R\, 2 2
(S+Z) +(a)c+wo) (S+Z) +(C()C—600)
(11)

2 2

IZ(S):—% 16a|§\:a)20 4L a)z . lGal;a) 4L a)z V,(9)
(S+Z) +((0c+600) (S+i) (a)c_wo)
2 2
ﬁs+8a) +R—+8wa) ﬁS+80)02+R—2—8a)ca)0
)L L’ _L L v
ol | 61 Ryero 10 (54 0) +(0,-0) ©
2|_ c 0 2|_ c 0
(12)

My(s) M, (s) 16, L [ M(s)  M,(s)

L F©-F OO

L=t {As B Cs+B}V1(S)_ 1 {D5+E_DS+F}V2(S)

{F (8)+F,(5) V. (6) “Toal

(13)

Iz(s)z_1{As—B+Cs+B}V2(S)_ 1 {D5+E_DS+F}V1(S)

LIM,) " M,(6) 160, | My(5) M)

1
)+ F,(s s)-F,(s)V,(s)
=L RO FOM) g, T RO -FOMO
(14)
2 2
80) , +— 8(0 . — ——
where p__ - ° L*, g R@® _"°"° |°,
16w, 4L o, 16w,0,
2 2
D:4LR: E =8w, +E +8w,@, F:8w02+%—8wca)o-
N A A
] Im Im
x----d 200
RICL RIQL) ke RI2L) Re
x===1 2an )
@) F(s) () F, (s)
N Iy A
| Im Im
X——— - 2an
X
—— S
RIQ2 L) ®e RI(2:L) — Re
LA R x RIAL)
x-—-—- 2
;
(©)F,(s) (d)F,(s)

Fig. 3. Zeros and poles of the cross-coupled transfer function.
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Input components of |, (s) and 1,(s) are V,(s) and
V,(s). In order to observe the response characteristics of
the 1,(s)
F.(s), F,(s), F,(s), and F,(s) are plotted in the S domain

and 1,(s) , the poles and zeros of

as the below.

The real parts of all the poles have the same value and
the imaginary parts increase as the operating frequency
increases as shown in the Fig.3. The poles are related to
the response and stability of the system. When the poles
have the same real value, the dominant poles are
determined by the poles with the lower natural frequency.
Response can be mainly determined by dominant poles,
F,(s) and F,(s).

Generally the resonant inverters have high Q (quality

factor) value for high efficiency and controllability. And
the operation range of resonant inverters is between the
resonant frequency and upper half-power frequency.
These conditions can be expressed as following.

_ ol 15
Q= 5 Wi (15)
1S&S(l+i) (16)

@y, 2Q

Under the conditions (15) and (16), the coefficient A,
C, E and F is satisfied with 8m.w ))R*/L? .

Therefore (13) and (14) can be simplified as following.

_Ro R o
1 2L o, 2L o
1,(s) =~ 2 2V, (s)
2L | My(s) M, (s)
s Jr&(a)o2 +ow,) S +&(0)02 - w,0,)
-2 iR R v, (9)
4o, L M, (s) M,(s)
17)
R @, R @,
1% 2Le, *Tola
1,(s)  — 2 =WV, (s
O o W O
s+&(a)02+a)ca)o) S+2—L(w°2—caca)o)
- R R - R V;L(S)
4w, L2 M, (s) M, (s)

(18)

Considering the operating conditions of resonant
inverters, (15) and (16), the coefficients of 1/2L and
R/4w,>have a relationship of 1/2L))R/4aw,L?. (17) and

(18) can be simplified again as below.

a)O a)o
ST RV YROBIAR

R o, R w,
TR S M TR TN VP )
T 20] My(s) M,(s) |[°

According to (19) and (20),
affected by the input of v (s) and V,(s), respectively.
From (19) and (20), M,(s) and M,(s) can be expressed

I,(s) and 1,(s) are

as ¢ R i : and ¢, R, R~ 2
ST+—s+-—+(0,+a,) ST+ —S+—+(w,~-1,)"
L L 4L

respectively. The poles of M, (s) and M,(s) are

obtained as below.

R ,1 |R? R? 21
5112 —i\/L24(4L2+(a)c+a)o)zj ( )

%Az_inlJR2—4[R2+GQ—a%YJ 22)

When @ =ew,, the poles of M (s) and M,(s) are

R, .. > R
s, =~ tjiand 5 = R
12 oL Jew, 3,4 oL
part of each pole is the same but, the imaginary part is
different. The pole with the lower imaginary part

dominantly affects the response. Accordingly, the

Therefore, the real

dominant poles are S, and S, . Under the condition (15)
and (16), @, /e, can be assumed as e, /w, ~1. Thus,

(19) and (20) can be simplified by the above conditions.

R (23)
1 S+——
() ~ = —2L vV, (s)
2L R 5
[s+zj +(w, —w,)
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s+ R (24)
1 (s)~——+ 2L v, (s)
2 2L R 2 , 2
(S+ZJ +(w, —w,)

The frequency-variable ¢«  builds the real part of
voltage V,(s) and the imaginary part of voltage V,(s) as
(8). The even function of v, (s) has AC and DC
components at limited value of p/e . And the odd
function of v, (s) has only an AC component. So 1, (s)
induced from v, (s) becomes the dominant part. And
I,(s) induced from v, (s) can be negligible since the
high frequency AC component is filtered by the system
poles. So we can assume 1(s) ~ 1,(s) -

The steady state current is defined as |, and can be

expressed as following.

V, (25)
Ioe = 2
R,[1+ QZ[“%—%J
a)O a)C

The magnitude of the | . is determined by the

typical RLC resonance curve shown in Fig. 4.

The envelope of the output current as a function of the

operating frequency is defined as a constant K, and
expressed as below.
Alpe _ (26)

o

Aw

C

I >
Ko = tan @

|

|

|

&V

o

Fig. 4. RLC series resonant curve.

Therefore, K, can be obtained as following.

)
4 4
—\w, —o, s
(2 )‘/ 3/2
R
L{wc4 +[(Lj —2a)02]a)c2 +a)04}

In order to obtain the steady state gain, let s=0 in
(23) and the following equation can be derived.

o

R R
1(0) = R 2 = R2
(st p] omay|  gorle-af
2L N
2LR (28)

TR 44w, -, )

The coefficient, satisfying the condition that the DC
gain of transfer function is in unity, should be the inverse
of 1(0). The product of the magnitude, K, and the

inverse of 1(0) can be expressed as new coefficient K,
shown in following (29).

(.~ 0,
—\w, —w, s

KIZ(RZMLZZI(_S a))zJ ' 2 2
c L{a)c4 J{[FL{) - wa}clc2 + wf}
(29)
The proposed linear transfer function of the
frequency-controlled resonant inverter is defined in Fig. 5.

4. Simulation and Experimental Results

Matlab simulation of the proposed transfer function is
performed. The simulation parameters are shown in Table
1.

o s+RIL D 10
1 I(s
l (s+R2L)4 (@x- @) &>

loc

Fig. 5. The block diagram of the proposed inear transfer

function.



572 Journal of Power Electronics, Vol. 9, No. 4, July 2009

Table 1. Simulation parameters.

Parameter Value
Input voltage : V, 47[V]
Load : R, 10[Q]
Inductor : L 0.72[mH]
Capacitor : C 0.09[uF]
Resonant frequency : f, 19.8[kHz]

The step responses around the resonant frequency were
simulated under the condition of frequency change from
20.2kHz to 20kHz and 20.7kHz to 20.5kHz. Furthermore,
the step response in the vicinity of the upper half-power
frequency was also simulated by the application of
frequency change from 21.2kHz to 21kHz. The simulation
results are shown in Fig. 6.

(a) Step response(20.2kHz—>20kHz)
(0.5A/div, 0.2ms/div)

(b) Step response(20.7kHz->20.5kHz)
(0.5A/div,0.2ms/div)

(c) Step response(21.2kHz->21kHz)
(0.5A/div, 0.2ms/div).

Fig. 6. Simulation results.

Experimental setup was built and the controller was
implemented using dsPIC30f2020 from Microchip in
order to verify the feasibility of the proposed transfer
function. The experiment was performed under the same
condition as that of the Matlab simulation. The
experimental configuration is shown in Fig. 7.

The step response, obtained from the experiment
performed under the condition of frequency change from
20.2kHz to 20kHz, was illustrated in Fig. 8. The step
responses determined from both the experiment and
simulation were compared in Fig. 8. The step responses
determined from both the experiment and simulation
performed under the condition of frequency change from
20.7kHz to 20.5kHz were shown in Fig. 9.

The measured and simulated step responses monitored
around the resonant frequency perfectly coincide.

Jr—{[ 7=
’ L
— Control 'S

Vv

dsPIC30f2020 v
] L= R

Fig. 7. The configuration of the experimental setup.

(9]

A

- IR
T e T AARR:

Fig. 8. Experimental waveforms: step response
(20.2kHz—> 20kHz) (0.5A/div, 0.2ms/div).

[TTHETETHELE L

\5‘[1|LJI!]‘|’“H|[1|[;I)‘1!

Fig. 9. Experimental waveforms: step response
(20.7kHz—> 20.5kHz) (0.5A/div, 0.2ms/div).
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The step response in the vicinity of the upper
half-power frequency was also experimented by the
application of frequency change from 21.2kHz to 21kHz.
The response is shown in Fig. 10. The bode plots of the
transfer function and experimental result at the operating
point 20.6kHz are shown in Fig.11.

The difference between the simulated and experimental
responses is observed in the transient region as the
operating frequency gets close to the upper half-power
frequency. The difference between the experiment and
simulation in the step response is due to the linear transfer
function model. However, the rising time and settling time
of the experiment and simulation agree with each other.
Therefore, the frequency controlled resonant inverter can
be modeled as the proposed 2" order linear transfer
function. The precise agreement between the simulation
and experimental results shows that the proposed linear
transfer function can predict the envelope dynamics
accurately.

T T

Vb L rvrroried!

Fig. 10. Experimental waveforms: step response
(21.2kHz~> 21kHz) (0.5A/div, 0.2ms/div).

Bode Diagram

Magnitude (dB)

of ok b b Lo -

-30

Phase (deg)

-B0

-an I
10° 10 10
Freguency (radisec)

Bode plots of the transfer function and experimental
result at the operating point 20.6kHz.

Fig. 11.

5. Conclusions

This paper presents a novel 2™ order linear transfer
function of frequency-controlled resonant inverters based
on behavior analysis of the pole locations that facilitate a
simple and intuitive linear transfer function. The
modulation input voltage and the circuit have been
equivalently modeled into the cross-coupled equivalent
circuits using the complex phasor transform. The
cross-coupled state space equation has been established
from the equivalent circuits. It has been simplified into the
linear transfer function which was driven by observing the
pole diagrams and the behavior of the circuit.

The feasibility and validity of the proposed method
were verified by means of computer simulations and
experimental results. The simulation results and
experiments show that the proposed linear transfer
function can predict the current envelope dynamics
accurately at between the resonant frequency and upper
half-power frequency.
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