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Abstract

In this paper the operation of a double-fed wound-rotor induction machine, coupled to a wind turbine, as a generator at
sub-synchronous speeds is investigated. A novel approach is used in the analysis, namely, the rotor power flow approach. The
conditions necessary for operating the machine as a double-fed induction generator (DFIG) are deduced. Formulae describing
the factors affecting the range of sub-synchronous speeds within which generation occurs are deduced. The variations in the
magnitude and phase angle of the voltage injected to the rotor circuit as the speed of the machine changes to achieve generation
at the widest possible sub-synchronous speed range is presented. Also, the effect of the rotor parameters on the generation range
is presented. The analysis proved that the generation range could increase from sub-synchronous to super- synchronous speeds,
which increases the amount of energy captured by the wind energy conversion system (WECS) as result of utilizing the power
available in the wind at low wind speeds.
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I. INTRODUCTION

The penetration of large scale wind energy conversion
systems (WECS) into electrical power grids has been growing
rapidly in recent years. The installed capacity of WECS
reached 121 GW by the end of 2008, with a growth rate
of about 30% annually [1]. This high growth rate is mainly
due to the many environmental, technical and economic mer-
its of wind energy technologies. The environmental reasons
for preferring wind energy over fossil fuel are its plentiful,
renewable and widely distributed nature, along with the fact
that they do not produce greenhouse gases. Technical and
economic merits are manifested in the development of design
methodologies, new materials, and manufacturing technologies
which enabled the production of more robust, less vibrating
large wind turbines at a lower cost.

Also, tremendous improvements in solid state power con-
version technologies allow the use of variable speed WECS
that utilize various converters (static converters, cycloconvert-
ers, matrix converters, etc.) to generate power at a constant
frequency. This ensures their technical viability and economic
feasibility.

It is well known that wind turbines must generate at all
power levels and that they spend a substantial amount of time
at low power levels [2]. Unlike most electrical generators, wind
generators must operate at the highest possible aerodynamic
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and electrical efficiency in low-power/low-wind speed regimes
to extract the maximum amount of energy from the available
wind.

Recently, newly installed WECS use double fed induc-
tion generators (DFIG) due to their variable speed nature.
The DFIGs are coupled with adjustable speed wind turbines
with power in the mega-watt range. Adjustable speed wind
generators (ASG) have many advantages compared to fixed
speed generators (FSG). Among these advantages are cost
effectiveness and simple pitch control. This is because at lower
speeds, the pitch angle is usually fixed and pitch angle control
is performed only to limit the output power at wind speeds
higher than the rated speed. ASGs can also reduce mechanical
stresses because gusts of wind can be absorbed. They also
reduce torque pulsations, and dynamically compensate for
torque and power pulsations caused by back pressure from
the tower. Reduction of the torque pulsations improves power
quality and hence eliminates electrical power variations that
cause flickers. In ASGs turbine speed is adjusted as a function
of wind speed to maximize the turbine output power, thus
improving the system efficiency.

A variable speed wind turbine coupled to a double fed
induction generator (DFIG) with its rotor circuit connected
to the power grid via a converter has many advantages when
compared to constant speed WECS. First, only the electrical
power injected to the rotor needs to be handled by the
converter, implying a lower cost for the converter. Secondly,
there is improved system efficiency due to the smaller size of
the converter. Hence, an ASG equipped with a DFIG is one of
the most efficient configurations for wind energy conversion.
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In this paper, the sub-synchronous speed operation of a
DFIG, coupled to an adjustable speed wind turbine, is investi-
gated. The stator of the DFIG is connected to the power grid
(directly or via a transformer) and its rotor is connected to the
power grid via a converter and possibly a transformer. The
rotor circuit is fed from the converter with a voltage at the
slip frequency and with an adjustable magnitude and phase
angle which are varied as the turbine speed changes. This is
done in order to maximize the energy captured from the wind
at the lowest possible wind speeds (from the cut-in speed to
the rated speed).

Most, if not all, of the published papers on the subject
analyze the performance of DFIG using the d-q axes theory
[3-7]. However, in this paper another approach is used which
is the power flow approach. In this approach the interrelations
among the rotor power (slip power sPg), the air gap power
Pg and the mechanical power Pm are used to determine the
magnitude and phase of the injected voltage to the rotor
circuit for which a certain induction machine will operate as
a generator within a certain specified speed range below the
synchronous speed. Also, the injected voltage phase angle for
which the DFIG can produce maximum power at a certain
specified magnitude of this voltage is determined. In addition,
the optimum control strategy for a static converter feeding the
rotor of a DFIG coupled to a variable speed wind turbine is
deduced and reflected in a set of curves to facilitate WECS
design.

II. DETERMINATION OF THE SUB-SYNCHRONOUS RANGE
FOR A DFIG

In general an induction machine has three operating modes,
namely the motor, the generator and the brake modes. The
power flowing in the rotor of a slip-ring induction machine
(i.e. of the wound rotor type) has three main components.
These are a) the electromagnetic power transferred between
the stator and the rotor through the air gap which is known as
the air gap power Pg; b) the mechanical power Pm transferred
between the rotor and the shaft; c) the slip power Pr which
is transferred between the rotor and any external electrical
source or load (e.g. a converter) through the rotor slip-rings
and/or consumed in the rotor winding as copper losses (Pr =
Pc + Pcur, where Pc is the converter output/input power and
Pcur is the rotor copper losses). The three components of rotor
power are interrelated, under any conditions, as follows:
Pg = Pm + Pr = (1− s)Pg + s Pg
Pm = (1− s)Pg
Pr = s Pg

where the slip s = (ns − n)/ns.
The first known induction machine was a motor with short

circuited rotor windings and running at a speed lower than its
synchronous speed. The mechanical power Pm is considered
positive when transferred from the rotor to the shaft and then
to the mechanical load. In this case (0 < s < 1), the air gap
power which is transferred from the stator to the rotor will
be positive. If the direction of flow for both Pg and Pm is
reversed (i.e. Pg and Pm have negative values) the machine
will operate in the generator mode. The slip power will also be

negative, i.e. it will be supplied by the converter to the rotor,
if 0 < s < 1. But if s < 0, the slip power will be positive,
i.e. it will be transferred from the rotor to the converter and
back to the grid. Using the same logic, the other modes are
defined.

Table 1 summarizes the different operating modes of a
slip-ring induction machine. The positive and the negative
signs indicate the direction of flow for the different power
components for each mode. Needless to say, the air gap
power Pg is equal to the stator input (output) power minus
(plus) the stator copper and the machine iron losses. The
mechanical power Pm is equal to the net mechanical output
(input) on the shaft plus (minus) the friction and windage
losses. Also, the slip power sPg is equal to the electric power
returned back to (extracted from) the converter plus (minus)
the rotor copper losses. Concerning the electric power returned
back to (extracted from) the grid, the losses in the converter
and the transformer connected to it, if any, should be added
(subtracted). Accordingly the configuration of a DFIG static
converter scheme is shown in Fig. 1.

The terminal voltage Vc of the converter is of variable
frequency, magnitude and phase. The frequency of Vc is
controlled to be equal to the frequency of the induced rotor
voltage Er. At the steady state, let Er be the reference phasor:

Er = Ere
j0 = Er (1)

Hence the phase voltage Vc is written as:

Vc = Vce
jγ = Vc(cos γ + j sin γ) (2)

The total voltage in the rotor circuit is:

Er −Vc = Er − Vc(cos γ + j sin γ) (3)

If the rotor resistance is Rr and the rotor leakage reactance
at standstill is Xr, then the rotor current at any slip s is given
by:

Ir =
Er − Vc(cos γ + j sin γ)

Rr + jsXr
(4)

The voltage induced in the rotor circuit at any slip “s” is
given as:

Er = s.Ero (5)

where Ero is the magnitude of the rotor induced voltage at
standstill per phase with open circuited rotor windings.

Hence eq. (4) is rewritten as:

Ir =
sEro − Vc(cos γ + j sin γ)

Rr + jsXr
(6)

Let the ratio of the magnitude of the converter voltage to that
of the induced rotor voltage at standstill be α (α = Vc/Ero),
then:

Ir =
Ero
Rr

s− α cos γ − jα sin γ

1 + jsβ
(7)
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TABLE I
POWER FLOW IN THE ROTOR FOR DIFFERENT MODES OF OPERATION & DIFFERENT ROTOR SPEEDS

Mode Motor Motor Generator Generator Brake
Subsynch Supersynch Supersych Subsynch

Slip s 0 < s < 1 s < 0 s < 0 0 < s < 1 s > 1

Airgap power Pg positive positive negative negative positive
Mechanical power Pm positive positive negative negative negative
Slip power sPg positive negative positive negative positive

Fig. 1. Double fed induction generator for sub-synchronous speed.

where β = Xr/Rr, i.e. the ratio of the rotor leakage reactance
at standstill to the rotor resistance.

Manipulating eq. (7) yields:

Ir =
Ero
Rr

[(s− α cos γ)− jα sin γ](1− jsβ)

I + s2β2
(8)

Ir =
Ero

Rr(1 + s2β2)

[
(s− α cos γ − sαβ sin γ)

−j(α sin γ + s2β − sαβ cos γ
]

(9)

The rotor power (slip power) is given as:

sPg = Re(mErI
∗
r), (10)

where m is the number of phases and Re is the real part.
The air gap power is given as:

Pg =
mE2

ro

Rr(1 + s2β2)
(s− α cos γ − sαβ sin γ) (11)

where Pg is the electromagnetic power transferred between
the stator and the rotor of the induction machine according to
its operation as a motor or a generator.
The known equation for air gap power is:

Pg = P1 ∓ PL (12)

where P1 is the stator input/output power and PL is the stator
copper losses and iron losses of the machine.

A positive Pg indicates the transfer of power from stator
to rotor, and vise versa. Hence for the induction machine to
operate as generator at any sub-synchronous speed (0 < s <
1), Pg must be negative at this slip.

Fig. 2. Slip range for sub-synchronous generation at 10% injected voltage.

From eq. (11), Pg will be negative under the following
conditions:

(s− α cos γ − sαβ sin γ) < o

Consequently for generation:

s < so =
α cos γ

1− αβ sin γ
(13)

Therefore, the induction machine will operate as a generator
at sub-synchronous speeds within the slip range 0 < s < so ,
where so is the slip above which the flow of the air gap power
(and electromagnetic torque) changes its direction.
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Fig. 3. Slip range for sub-synchronous generation at 12% injected voltage.

Fig. 4. Variation of maximum speed range for sub-synchronous generation
with magnitude of injected voltage.

Fig. 2 and 3 show the variations of so as a function of
the phase angle γ for different values of β (β = 2, 4, 6,
8), and for different values of the magnitude of the injected
voltage Vc (α = 0.1, 0.12). It is clear from these figures that
all the parameters; α, β, and γ, affect the value of so. With
an increase of either α or β, the sub-synchronous generation
range is increased. However, the phase of the injected voltage
Vc has a different effect on the sub-synchronous generation
range. It is worth noticing that under the same conditions,
a phase angle γ exists at which the generation range at sub-
synchronous speed is at its maximum. The curve of the air gap
power (or electromagnetic torque) versus the slip is shifted to
the right as α or γ are changed. This shift differs from one
machine to another depending on the value of β.
The maximum value of the slip (s0max) is obtained by
differentiating so with respect to γ and equating the derivative
to zero. This gives:

sin γ |somax= α.β (14)

and,

somax =
α√

1− α2β2
(15)

The dependence of somax on the value of the injected
voltage is shown in Fig. 4. Fig. 5 shows somax as a function
of β for different values of α (0.05-0.15). It is clear from Fig.

Fig. 5. Maximum slip range at sub-synchronous generation for any DFIG.

5 that for a large size induction machine with larger values
of β (MW range), the range of sub-synchronous speed within
which generation occurs is wider. Also, this range increases
with increasing Vc but within a limit that prevents increasing
the machine current over its rated value. However this range
may be increased by proper selection of the angle γ.

The set of curves in Fig. 5 should be very helpful to a wind
energy conversion system designer. Having the specifications
for the different components of a WECS, the system designer
can quickly judge to which extent these components match
the requirements of the system by using this set of curves.

III. OPTIMUM AIR GAP POWER

Considering eq. (11) the magnitude of the air gap power is
a function of different factors. Some of these factors are the
design parameters (Ero, Rr and β), while others are deter-
mined by external factors; the wind speed and consequently
the turbine and generator rotational speed or slip. The two
parameters that control the value of the air gap power are
the magnitude α and the phase angle γ of the rotor injected
voltage. The air gap power is a linear function of α, i.e. any
increase in α increases Pg . The only limit to this increase is the
rotor current value to prevent the machine from overheating.
However, by adjusting the phase angle γ for each value of the
rotor injected voltage Vc , maximum power can be transferred
from the rotor to the stator of the induction machine and hence
to the grid. The value of this maximum power can be obtained
by differentiating eq. (11) with respect to γ and equating the
derivative to zero:

∂Pg
∂γ

= α sin γ − sαβ cos γ = 0 (16)

Therefore maximum Pg takes place at:

γ = arctan(sβ) (17)

In WECS the value of β is a design parameter of the
machine, while the slip is determined by the wind speed.
Substituting γ from eq. (17) into Pg , yields the following
expression for the maximum air gap power and consequently
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Fig. 6. Variation of phase angle of the injected voltage corresponding to
maximum air gap power with slip.

Fig. 7. Variation of minimum value of the injected voltage above which
generation occurs.

the maximum power output of the DFIG for a certain α:

Pgmax
=

mE2
ro

Rr(1 + s2β2)

[
s− α cos γ − α sin2 γ

cos γ

]
=

mE2
ro

Rr(1 + s2β2)

[
s− α

cos γ

]
(18)

Giving:

Pgmax
=

mE2
ro

Rr(1 + s2β2)

[
s− α

√
1 + s2β2

]
(19)

Needless to say, for generation to take place, α must not be
less than:

s√
1 + s2β2

i.e., α >
s√

1 + s2β2

The values of γ for maximum Pg are plotted versus s at
different values of β in Fig. 6.

The minimum value of α below which no generation occurs
at sub-synchronous speed is plotted versus s for different
values of β in Fig. 7. The results show higher power generation

at higher values of β. Since large induction machines usually
have high values of β (β > 4), it is expected that these ma-
chines operate as generators at sub-synchronous speeds with
a rotor injected voltage that is ≤ 25% of the standstill rotor
induced voltage, down to a slip of 0.5. The only requirement
is adjusting the phase angle γ of the injected voltage to be
equal to arctan (sβ).
The nominal power of a machine is calculated during the
design phase as being the machine output when the rotor is
short circuited, i.e. α = 0, hence:

Pgn =
mE2

ro

Rr(1 + sn2β2)
.sn (20)

where Pgn is the nominal power and sn is the nominal slip,
hence:

Pg
Pgn

=
1 + sn

2β2

1 + s2β2

[
s

sn
(1− αβ sin γ)− α

sn
cos γ

]
(21)

Usually sn << 1, and consequently, s2nβ
2 << 1, hence the

per unit value of the maximum air gap power is:

Pgmax pu
∼=

1

1 + s2β2

[
s

sn
− α

sn

√
1 + s2β2

]
(22)

IV. DFIG COUPLED TO A WIND TURBINE

A WT has four operating regions. In the first region the WT
speed is less than the cut-in speed, so no power is generated. In
the second region, the WT speed lies between the cut-in speed
and the rated speed, which is the region of sub-synchronous
operation of a DFIG investigated in this paper. Usually the
rated speed of a WT corresponds to the synchronous speed
of a DFIG. In the third region, the DFIG rotates with super-
synchronous speed up to the cut-out speed. In the fourth region
the WT speed exceeds the cut-out speed, and the turbine is
shut down to avoid excessive mechanical stress on the turbine
blades.

The typical output power of an ideal WT varies with the
cube of the wind speed and consequently the mechanical
power of the DFIG coupled to the WT theoretically varies
with the cube of its rotor speed.

This power versus wind speed characteristic is the goal of
WT designers within economical and structural constraints.
The practical characteristic is different, i.e. the WT produces
power above a given wind speed (cut-in speed). The shape of
the power versus wind speed characteristic between the cut-
in speed and the rated speed may take any shape, e.g. linear,
quadratic, cubic, and even higher powers. It may also be a
combination of all these shapes [8]. The quadratic shape is
generally adopted in practice. Hence in the region investigated
in this paper, where sc < s < sr, the WT output power is
assumed to be proportional to the square of the rotor speed.
The mechanical output power of the WT, which is the input
power to the DFIG, is expressed as function of the slip:

Pm = K(1− s/sc)2 (23)

where sc and sr correspond to the cut-in and the rated speeds,
respectively.

The nominal speed of the DFIG (nn), is usually equal to
the rated speed of the WT (nr), and it is very close to the
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Fig. 8. Appropriate magnitude of voltage injected to the rotor of a DFIG
coupled to WT for optimum power generation.

synchronous speed of the DFIG
(i.e. nn = nr ∼= ns, or sn ∼= sr ∼= o)

The mechanical power of the WT, which is input to the
DFIG, is related to the air gap power as:

−Pm = −(1− s)Pg (24)

Combining eq. (21) and (24) and substituting γ =
arctan(sβ), noting that Pmn∼=Pgn, the following equation is
obtained:(
1− s

sc

)2

= −(1− s) 1

1 + s2β2

[
s

sn
− α

sn

√
1 + s2β2

]
(25)

Eq. (25) gives the minimum magnitude of injected rotor
voltage (or voltage ratio α), that ensures full conversion of
the turbine mechanical output power, minus the friction and
windage losses, into electrical power provided that the phase
angle γ = arctan(sβ).

It should be mentioned that the WT provides the DFIG with
mechanical power while the electric grid supplies power to
the rotor circuit via the static converters connecting the DFIG
rotor with the grid. These converters supply the power at slip
frequency. The supplied rotor power and the input mechanical
power are transferred via the DFIG air gap to its stator then
to the electrical grid at the grid frequency.

From eq. (25), the value of α is given by:

α =
s√

1 + s2β2
+

sn
1− s

(
1− s

sc

)2√
1 + s2β2 (26)

The appropriate applied voltage magnitude as function of
slip for different values of β is shown in Fig. 8 for a wind
turbine with an output power proportional to the square of the
wind speed from the cut-in to the rated speed.

V. CONTROL STRATEGY FOR A WIND DRIVEN DFIG

Consider a 3-phase, 1000kW, 6kV, slip ring induction ma-
chine used as a DFIG with the following nameplate: 32 poles,
star-star connected, 50Hz, 2% nominal slip, Rs = 0.45Ω/phase,
Xs = 3.15Ω/phase, Rr = 0.0194Ω/phase, Xr = 0.147Ω/phase,
Xm = 58.9Ω/phase, effective stator to rotor turns ratio = 5.874.

The DFIG is driven by a 1 MW wind turbine with a 5m/sec
cut-in speed and an 11 m/sec rated speed. The output power
of the WT varies as the square of the wind speed from the
cut-in to the rated speed. The rotor circuit of the DFIG is
connected to a static converter. The controller applied to the

converter adjusts the magnitude, the frequency and the time
lead of the voltage applied to the rotor according to a pre-
determined control strategy. The control strategy is based on
a measurement of the magnitude, the phase and the frequency
of the rotor induced voltage, or a measurement of the rotor
speed and the power angle.

Using fig. 4 and 5 or eq. (14) and (15), noting that β =
7.577, the control strategy can be applied from the following
look-up table:

TABLE II
CONTROL STRATEGY LOOK-UP TABLE

s .05 0.1 .15 .2 .25 .3 .35 .4 .5

α .066 .0976 .1165 .127 .13 .131 .130 .129 .127

γ(rad.) 0.362 0.65 0.85 0.987 1.08 1.155 1.21 1.25 1.311

fc(Hz) 2.5 5 7.5 10 12.5 15 17.5 20 25

Vc(v) 229 338.6 404 441 451 455 451 448 441

tc(ms) 23.1 20.64 18.04 15.71 13.81 12.27 11.01 9.96 8.36

where tc = time lead of the voltage Vc with respect to the
rotor induced voltage Er.

To ensure that the selected values of α and γ at a given slip
allow operation of the DFIG in stable range, the sm << so.
sm is the slip at which the air gap power is at a maximum

for specific values of α and β. The value of so was deduced
previously while the value of sm could be deduced by differ-
entiating the equation of Pg with respect to s and equating the
derivative to zero.

δPg/δs = 1− s2mβ2 + 2smα.β
2(cos γ/1− αβ. sin γ)

By solving this quadratic equation for sm and substituting
so = [α cos γ/(1 − αβ. sin γ)] the following expression is
obtained for the generating mode

sm = so(
√

1 + s
2
o.β

2)/β

When using the values for α and γ from Table (2), then
for each value of s the corresponding values of so and sm are
given in table (3).

TABLE III
SLIP VALUES CORRESPONDING TO GENERATION & STABLE RANGES OF

OPERATION

s .05 .1 .15 .2 .25 .3 .35 .4

so .089 .14 .225 .355 .47 .577 .585 .577

sm −.07 −.05 −.035 −.024 −.018 −.013 −.015 −.0153

For all values of s, the condition sm < s < so is valid, i.e.
the DFIG always operates in a stable range.

VI. CONCLUSION

The sub-synchronous speed range within which a double
fed induction machine, coupled to a wind turbine, operates as
a generator is determined in this paper. An approach simpler
than the d-q model, namely, the rotor power flow approach, is
used in the analysis. Generalized formulae for the generating
sub-synchronous speed range are deduced as a function of the
machine parameters, as well as the magnitude and phase angle
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of the converter voltage feeding the rotor circuit. The optimum
conditions for power generation at sub-synchronous speeds are
formulated. Also, the control strategy for a DFIG converter for
maximum utilization of wind turbine power is depicted.

The analysis revealed the ability of a DFIG to generate
within a wide range of sub-synchronous speeds. The magni-
tude and phase angle of the rotor injected voltage within which
generation occurs are formulated as functions of the rotor
speed and machine parameters. Also, the analysis revealed
that the induction machine parameters affect the amount of
power generated at each rotor speed. The results are plotted
in look-up tables so they can be easily applied to any induction
machine. Such a system allows the utilization of wind power
at low wind speeds, thus leading to higher power harvesting
and consequently higher efficiency of wind energy conversion
system (WECS). These results should help system designers
choose appropriate components for a WECS that will meet the
requirements essential for the capability of wider speed range
generation.

List of Symbols
I: phase current
I∗: phase current conjugate
V: phase voltage
R: resistance per phase
X: leakage reactance per phase at supply frequency
Pg: air gap power
Pm: mechanical power
Pcur: rotor copper losses
Pr: rotor power (slip power)
P1: stator active power
ns: synchronous speed in rpm
nr: rotational speed in rpm
s: slip
so: slip value above which the flow of Pg reverses its direction
si: slip corresponding to the cut-in speed of wind turbine
sm: slip at which maximum Pg occurs
Er: rotor induced voltage
Ero: rotor induced voltage at standstill
α: ratio of converter output voltage to the stand-still rotor
induced voltage
β: ratio of stand-still rotor leakage reactance to the rotor
resistance
γ: phase angle between converter voltage and rotor induced
voltage

Subscripts
s: stator values
r: rotor values
c: converter values
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